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ABSTRACT 
The defining equations for the Moore-Penrose inverse of a matrix are extended to 
give a unique type of generalized inverse for matrices over arbitrary fields. 
1. INTRODUCTION 
Given an arbitrary rectangular complex matrix A, the Moore-Penrose 
inverse of A is the unique matrix X=A+ such that 
AXA=A, XAX=X, (AX)*=AX, (X4)*=X4, (1.1) 
where the asterisk denotes conjugate transpose [ 11. Pearl [6] showed, however, 
that if A has elements from an arbitrary field with an involutory automor- 
phism x : a-G, and if A* =AT, where T denotes transpose and x is obtained 
from A by replacing elements aii with Zii, then A+ exists if and only if A, 
A*A, and AA* have the same rank. In contrast to the Moore-Penrose inverse, 
the Drazin inverse [3] of a square matrix A exists over any field, and is the 
unique matrix X=A, such that 
Ak =Ak+lX’ for some positive integer k, (1.2) 
X=X2A, (1.3) 
AX=XA. (1.4) 
*This work was completed while the author was an Adjunct Professor at the Department of 
Mathematical Sciences, Clemson University, Clemson, SC 29631. 
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The purpose of this note is to show that the equations in (1.1) can be 
extended to give a unique type of inverse for matrices over any field. 
Moreover, since only matrix multiplication is required in proofs, the results 
hold, without modification, in strongly-pi-regular star semigroups S, that is, 
where the Drazin inverse ad exists for every a ES, and there is an involution 
(.)*: S-S satisfying (~*)*=a and (uh)*=b*a*. It should be noted, how- 
ever, that if S is a ring, then alternative proofs of these results follow from the 
work of Gabriel [4] and Hartwig [5]. 
2. AN EXTENDED MOORE-PENROSE INVERSE 
Following the terminology of [3], we call the smallest positive integer, k, 
such that (1.2) holds the index of A, and use the fact that (Ad)* =(A*)d. 
THEOREM 1. For any matrix, A, with elements from an arbitrury field, 
there is a unique matrix X such that 
(A*A)k=(A*~)kxA for some positive integer k (2.1) 
and 
XAX=X, (AX)*=AX, (xA)*=xA. (24 
Proof. Taking X=(A*A),A*, then X satisfies (2.1) with k the index of 
A*A, and also the first equation in (2.2). Moreover, (AX)*=(A(A*A),A*)* 
=AX and (XA)* =(( A*A),A*A)* =A*A( A*A), =( A*A),A*A=XA, by 
(1.4). 
To establish uniqueness, suppose that both X and Y satisfy (2.1) for some 
positive integers k, and k,, respectively, and also satisfy the conditions in 
(2.2). Now (2.2) implies 
X=XAXAX=XX*A*X*A* =XX*XAA* 
and, dually, 
X=A*AXX*X. 
Thus, by induction, we have 
(2.3) 
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and 
X=(A*A)“X(X*X)m (2.4) 
for all positive integers m. Let Z=max(k,, k,), and let m=Z+l. Then it 
follows using (2.1), (2.2), and (2.3) that 
X=(XX*)‘+‘XA(A*A)‘A*=(XX*)‘+‘XA(A*A)’YAA* 
= ( XX*)‘+‘X( AA*)‘AA*Y*A* =xAY. 
In an analogous manner, using (2.1), (2.2), and (2.4) for Y gives 
Y=(A*A)‘+‘Y(Y*Y)‘+‘=(A*A)‘+‘XAY(Y*Y)’+’ 
=X(AA*)‘+‘AY(Y*Y)‘+‘=XA(A*A)‘+‘Y(Y*Y)’+’ 
=XAY. 
Thus. X= Y. n 
For any matrix A such that A+ exists, X=(A*A),A* =A+A+*A*=A+, 
and the first condition in (1.1) follows by multiplying each side of (2.1) on the 
left by A+*(A+A+*)k-l. Thus, we write the matrix X in Theorem 1 as 
X=A+ , and distinguish the more general case by saying “given Ai when 
(1.1) does not hold.” As a simple example, let A be the matrix 
over the field whose elements are 0, 1, 2, with addition and multiplication 
modulo 3. Then with A* =AT, 
A+=; ; 
I 1 0 0 
but (1.1) does not hold. 
22 
Given At =(A*A),A*, it follows at once that 
A+*=A(A*A)d=A*+, 
A+A+*=(A*A)d, 
A+*A+=A(A*A)~A*=(AA*),, 
RANDALL E. CLINE 
(2.5) 
(2.6) 
(2.7) 
and 
A+ =A*A+*A+ =A*( AA*),, (2.8) 
where the least equality in (2.7) follows because (BG), =B(GB)sG for any 
square matrix BG [2]. These relationships are well known when (1.1) holds. 
Also, when (1.1) holds, A+ + = A, whereas if A is any square matrix, (A,), = 
A2Ad, so that (Ad)d =A if and only if A has index one, and ((Ad)rl)d =A(, 
[3]. Using these forms for (A,), and (( Ad)d)l,, we can establish correspond- 
ing expressions for At when (1.1) does not hold. 
COROLLARY 2. For any matrix A, A++ =AAtA and A+++ =A+. 
Proof. Combining the definition A+I(A*A)~A* with (2.5), (2.7), and 
(2.8) gives 
A ++=(A+*A+),A+*==((AA*),),A(A*A), 
= ( AA*)~( AA*),A( A*A), 
= ( AA*)2( AA*);A =AA*( AA*),A =AA+A. 
Continuing, we have 
A +++=(A*A+*A*AA+A)~A*A+*A* 
= (A*AA+A),A*AA’ 
= ( A*A( A*A),A*A),A*AA+ 
=MA*A),),),A*AA+ 
=(A*A),A*AA+=A+AA+=A+. n 
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3. CONCLUDING REMARKS 
It was shown in [2] that for any complex matrices B and W, m by n and n 
by m, respectively, X=B( WB)$ is the unique solution to the equations 
(BW)k=(BW)k+lXW for some positive integerk, 
X=XWBWX, 
BWX=XWB. 
The matrix X is called the W-weighted Drazin inverse of B and is written as 
X=B, w. Interchanging the roles of B and W, then W,,, = W(BW): is the 
B-weighted Drazin inverse of W. It was shown, moreover, that X= W,,, 
satisfies XBX=X if and only if 
W ct,B = W(BW),. 
For matrices over arbitrary fields we have, therefore, that A, =A,, A when A 
is square, and A+ =A:, A, by (2.8). 
The author expresses appreciation to R. E. Hartwig for pointing out that 
Gabriel’s work provides an alternative approach to this problem. 
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